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1. What is the X = M conjecture?

[ 1-dimensional sum X | = | fermionic formula M | € Z[u*!]

(crystal basis theory) (Bethe Ansatz)
e Definitions of X, M (with histrical background)
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1. What is the X = M conjecture?

[ 1-dimensional sum X | = | fermionic formula M | € Z[u*!]

(crystal basis theory) (Bethe Ansatz)
e Definitions of X, M (with histrical background)

2. Proof in type AD (and partially in BC)
¢ Use representations of a current algebra g ® C[t]
e graded limits of KR modules
e fusion products
e generalized Demazure modules
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Bethe Ansatz and fermionic formulas

In his study of the spin % Heisenberg chain, Bethe
determined the number of Bethe vectors (H-eigenvectors):
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In his study of the spin % Heisenberg chain, Bethe
determined the number of Bethe vectors (H-eigenvectors):

State space: (C9)®- = P, W,

#{Bethe vectors in Wr} = Z n (pj :T-],mj) s
i

m={mj€Zx0}j>1 ]
st. 2y jmj=L-r

( p=L- ZZ min{i, j}m; (vacancy number) )
j

Fermionic formula
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Bethe Ansatz and fermionic formulas

In his study of the spin % Heisenberg chain, Bethe
determined the number of Bethe vectors (H-eigenvectors):

State space: (C9)®- = @, W, » s,
{Bethe vec. in W,} = {h.w. vec. with h.w. r},

[(@2)®L : V(r)] — Z l_[ (pj r';jmj),

m={mj€Zxo}j>1 ]
st 23 jmj=L-r

( p=L- ZZ min{i, j}m; (vacancy number) )
j

Fermionic formula
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The formula can be generalized in type Ap:

(@) (@)
Vi) - @Vium) : V] = )] I_I[Ioj o ]

m={m®} 1<agn a)
i>1
S.t. e
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The formula can be generalized in type Ap:

(@) (@)
Vi) - @Vium) : V] = )] I_I[Ioj o ]

m={m®} 1<agn a)
i>1
S.t. e

Moreover, the graded version also holds!

@ 4 @

p? + m'
K,l,p(u) - Z uc(m) H J m(a) J
m ] j

( Ky, u(u) : Kostka polynomial ]

€ Zso[utl].
u

c(m) € Z : charge

since Ki,,(1) = [V(n@1) @ -+ ® V(upm) : V(A)],
this formula at u = 1 is the above one.
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(a) (a)

Kau(U) = Z usm H (a)

This follows from a bijection (KKR bijection)

€ Zso[utl].
u

SST(A, p): s.s. tableaux & RC(u, A): rigged configurations
preserving their gradings.

([Kerov, Kirillov, Reshetikhin, '86], [KR, '86])
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(a) (a)

Kau(U) = Z usm H (a)

This follows from a bijection (KKR bijection)

€ Zso[utl].
u

SST(A, p): s.s. tableaux & RC(u, A): rigged configurations
preserving their gradings.

([Kerov, Kirillov, Reshetikhin, '86], [KR, '86])

Can this be generalized in the other types?
= X = M conjecture.
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Nongraded version for general type

g: simple Lie algebra of rank n, | = {1,...,n},
Ua(ﬁ): quantum affine algebra (without a degree operator),
W"¢: Kirillov-Reshetikhin (KR) module (r € |, £ € Z.g)

(a family of f.d. simple Ua(ﬁ)-modules).
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g: simple Lie algebra of rank n, | = {1,...,n},
Ua(ﬁ): quantum affine algebra (without a degree operator),
W"¢: Kirillov-Reshetikhin (KR) module (r € |, £ € Z.g)

(a family of f.d. simple Ua(ﬁ)-modules).
Then (nongraded) fermionic formula follows in general:

Theorem ([Nakajima, 03], [Hernandez, 06], [DiFrancesco,Kedem,08])

() ()
[er,t’l Q- ®er,t’p V(/l)] — Z l—[[pan_:;a;-na]

(Uq(g) mu't|p||C|ty) m—{ml(a)} a,)

(When g = Ap, W™ = V(fw@,) as a Uq(g)-module.)
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Nongraded version for general type

g: simple Lie algebra of rank n, | = {1,...,n},
Ua(ﬁ): quantum affine algebra (without a degree operator),
W"¢: Kirillov-Reshetikhin (KR) module (r € |, £ € Z.g)

(a family of f.d. simple Ua(ﬁ)-modules).
Then (nongraded) fermionic formula follows in general:

Theorem ([Nakajima, 03], [Hernandez, 06], [DiFrancesco,Kedem,08])

() ()
[er,t’l Q- ®er,t’p V(/l)] — Z l—[[pan_:;a;-na]

(Ug(g)-multiplicity) m=(m®) 3]
(When g = Ap, W™ = V(fw@,) as a Uq(g)-module.)

This was conjectured by [Hatayama, Kuniba, Okado, Takagi,
Yamada, '99], [HKOT, Tsuboi, 01]. (Kirillov-Reshetikhin conj.)
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X = M conjecture

W =Wri®...Q W,

(a) (a)
W V)] = Z]‘[(pj & ]

m  a,j
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X = M conjecture

W= Wi @...Q Wl

(a) (a)
W V)] = Z]‘[(pj & ]

m  a,j
T @u=1) 1
Zso[U*] 3 X(W, 4,u) = M(W,,u) € Zyo[u*']

M (W, 4, u) can be defined similarly as in type Ap:

@ 4 (@

M (W, A, u) = ZUC(”‘)]_[ P m(a)

u
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X = M conjecture

W= Wi @...Q Wl

(a) (a)
W V()] = Z]‘[(pj & ]

m  a,j
Tt U=y 1
Zso[u*] 3 X(W, 4,u) = M(W,A,U) € Zso[u™]

M (W, 4, u) can be defined similarly as in type Ap:
@ 4 m(a)

MW 4, u) = ZU““‘)]_[ £ "

How to define X(W, 4, u)?

u
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Definition of the 1-dimensional sum X(W, 4, u)

In type A,, Kostka polynomial K, ,(u) is expressed as
a generating function of semistandard tableaux.
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Definition of the 1-dimensional sum X(W, 4, u)

In type A,, Kostka polynomial K, ,(u) is expressed as
a generating function of semistandard tableaux.

In general type, we use crystal basis instead.

Theorem ([Kashiwara, 04], [Okado,Schilling, 08])

A KR module W™ has a crystal basis if

e g: general type, £ =1, "r,

@ §: nonexceptional type, "r, V¢.
B"¢: the corresponding crystal graph (KR crystal),
B:= Bt ®-...® B'»: crystal basis of W.
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o[W: V)] =#beB|wtb)=4,80b) =0(L<i<n).

/122



o[W: V)] =#beB|wtb)=4,80b) =0(L<i<n).

Energy function D : B — 7 is defined combinatorially.
Then we define the 1-dimensional sum X(W, 4, u) by

X(VV9 A U) = E UD(b) € ZZO[uil]a
beB s.t.
wt(b)=2, &(b)=0

which satisfies X(W, 4,1) = [W : V(Q)] as required.
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o[W:V@Q)] =#beB|wtb)=248&b)=0(1<i<n)}
Energy function D : B — 7 is defined combinatorially.
Then we define the 1-dimensional sum X(W, 4, u) by
XWa,u) = Y uP® e Zyo[ut],
beB s.t.
wi(b)=4, &(b)=0
which satisfies X(W, 4,1) = [W : V(Q)] as required.

Theorem (Nakayashiki, Yamada, '97)

In type A,, we have

K/L,u(q) = X(Wﬂ’ /19 U),
where W# = Wl,lll R ® Wl,llp_
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Conjecture ([HKOTY, '99], [HKOTT, '01])

We have
X(W, 4,u) = M(W, 4, u)
forall W =W ®...Q W'rl and A.

10/22



Conijecture ([HKOTY, '99], [HKOTT, '01])

We have
X(W, 2,u) = M(W, 4, u)
foral W =Wt ®...@ W»r and A.
The conjecture has been proved in the following cases.

o § = AW, YW [Kirillov, Schilling, Shimozono, 2002],
(KKR bijection)

@ ¢: nonexceptional type, rk ¢ > 0
[Lecouvey,Okado,Shimozono, 10],[Okado,Sakamoto, 10],
(proved X = K and M = K respectively),

@ ¢: non-twisted, W: ¢ = 1 for all i [N],

@ g: non-twisted, nonexceptional, ¢, |¢; for all i [N]
: . : 1) @
(in particular, YW in A(n ), D(n)).
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Conjecture ([HKOTY, '99], [HKOTT, '01])

We have
X(W, 2,u) = M(W, 4, u)
foral W =Wt ®...@ W»r and A.
The conjecture has been proved in the following cases.

o § = AW, YW [Kirillov, Schilling, Shimozono, 2002],
(KKR bijection)

@ ¢: nonexceptional type, rk ¢ > 0
[Lecouvey,Okado,Shimozono, 10],[Okado,Sakamoto, 10],
(proved X = K and M = K respectively),

@ ¢: non-twisted, W: ¢ = 1 for all i [N],

@ g: non-twisted, nonexceptional, ¢, |¢; for all i [N]
(in particular, YW in A(nl), D(nl)).<= introduced below
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Plan of the proof

W = er’ll ® LY ® er’[p’ B - Brlsfl ® cee ® Brp,t’p’

fermionic formula M (W, 4, u)

1-dimensional sum X(W, 4, u)
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Plan of the proof

W=W1r1®Q...® W"p”p’ B=B"1®...® Brp,t’p’

fermionic formula M (W, 4, u)
I [Ardonne, Kedem]
graded multiplicity [L : V(2)]y-
(L := L™ % ... % L"»: graded g[t]-module)

Il L = D(W, K): generalized Demazure module

graded multiplicity [ D(R, &) : V()] -1

I B 5 B(W, A): “crystal analog” of D(, A)

1-dimensional sum X(W, 4, u)
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Expression of M (W, u, Q) by characters

g[t] := ¢ ® C[t]: current algebra (Z»o-graded Lie algebra),
g[t] »~Ta(a€e C): Ta(x® N = x@ (t + a)k,
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Expression of M (W, u, Q) by characters

g[t] := ¢ ® C[t]: current algebra (Z»o-graded Lie algebra),
g[t] »~Ta(a€e C): Ta(x® N = x@ (t + a)k,

L"¢: graded limit of a KR module W™ constructed as follows:

W UZ(@)-module D' Wrt: ¢ @ CIt, t-]-module

restriction =

—  Wr¢: g[t]-module

S o= T;(VW): Z-graded g[t]-module (Ta € C)
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Expression of M (W, u, Q) by characters

g[t] := ¢ ® C[t]: current algebra (Z»o-graded Lie algebra),
g[t] »~Ta(a€e C): Ta(x® N = x@ (t + a)k,

L"¢: graded limit of a KR module W™ constructed as follows:
W UZ(@)-module D' Wrt: ¢ @ CIt, t-]-module

IS Wi ¢[t]-module

*

S o= T;(VW): Z-graded g[t]-module (Ta € C)

e L" can also be defined in terms of generators and
relations [Chari, Moura, '06].
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Set
L=L" g%eeesn Lplr = gr(T:l(Lrl,t’l) R ® sz(Lrp,lp))’

where ¢cy,..., C, € C: pairwise distinct.
(*: fusion product defined by [Feigin, Loktev, '99]).

13/22



Set
L=L" g%eeesn Lplr = gr(Tzl(Lrl,[l) Q- ® sz(Lrp,lp))’

where ¢cy,..., C, € C: pairwise distinct.
(*: fusion product defined by [Feigin, Loktev, '99]).

L = @j Li: Z-graded g[t]-module.

Theorem (Ardonne, Kedem, '08)

MW, 4,u) = [L : V() = D 7L 2 V()L
j
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Plan of the proof

fermionic formula M(W, 4, u)
I [Ardonne, Kedem]
graded multiplicity [L : V(4)]y—
(L ;= L™ % ... % L"»f: graded g[t]-module)
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Plan of the proof

graded multiplicity [L : V(4)]y—
(L ;= L™ % ... % L"»f: graded g[t]-module)

Il L = D(W&, K): generalized Demazure module

graded multiplicity [ D(R, &) : V()] -1

14/22



Generalized Demazure module

g := g ® C[t,t71] ® CK & Cd: affine Lie algebra 2 g[t],
g 2 b: Borel subalgebra,
V(A): simple h.w. §-module, u, € V(A)4.
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Generalized Demazure module

g
g 2 b: Borel subalgebra,

V(A): simple h.w. §-module, u, € V(A)4.

V: §-mod 2 D: b-submod, (D) := U(b @ Cf;)D C V,
wW=s,++S, € W= Fy(D) :=F,---F, (D) C V.
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Generalized Demazure module

g := g ® C[t,t71] ® CK & Cd: affine Lie algebra 2 g[t],
g 2 b: Borel subalgebra,

V(A): simple h.w. §-module, Uy € V(A)x.

V: §-mod 2 D: b-submod, (D) := U(b @ Cf;)D C V,
w=s, -5, € W= F,(D) :=F, --- Fi,(D) S V.

W = (Wi,...,Wp): seq. of elements of W,

A= ( ., AP): seq. of dominant integral weights,

D, A) : = Fuy (Cnt ® +++ ® Fuyy(Clars ® Fuy,CUine)- - +)

c V(&) :=V(AH) @+ @ V(AP ® V(AP).
(Generalized Demazure module)
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Generalized Demazure module

g := g ® C[t,t71] ® CK & Cd: affine Lie algebra 2 g[t],
g 2 b: Borel subalgebra,

V(A): simple h.w. §-module, Uy € V(A)x.

V: §-mod 2 D: b-submod, (D) := U(b @ Cf;)D C V,
w=s, -5, € W= F,(D) :=F, --- Fi,(D) S V.

W = (Wi,...,Wp): seq. of elements of W,

A= ( ., AP): seq. of dominant integral weights,

D, A) : = Fuy (Cnt ® +++ ® Fuyy(Clars ® Fuy,CUine)- - +)
c V(&) :=V(AH) @+ @ V(AP ® V(AP).
(Generalized Demazure module)
o For some W, A, D(®, A) extends to a g[t]-module.

o When p = 1, D(w;, A?) is called a Demazure module.
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Relations between graded limits L™ and Demazure modules
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Relations between graded limits L™ and Demazure modules

Foranindexr € |, set

1 (ar : long root),
G =432 (9: BCF, a,: shortroot),
3 (9: G, @, : shortroot).

Note that ¢, = 1when ¢ = ADE.
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Relations between graded limits L™ and Demazure modules

Foranindexr € |, set

1 (ar : long root),
G =432 (9: BCF, a,: shortroot),
3 (9: G, @, : shortroot).

Note that ¢, = 1when ¢ = ADE.

Theorem ([Chari, Moura, '06], [Fourier, Littelmann, '07])

(i) Forr e | and ¢ € Zso,

Lo = DWW, A,).
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Relations between graded limits L™ and Demazure modules

Foranindexr € |, set

1 (e, : long root),
¢ =32 (g: BCF a,: shortroot),
3 (g8: G, a: shortroot).

Note that ¢, = 1 when ¢ = ADE.

Theorem ([Chari, Moura, '06], [Fourier, Littelmann, '07])

() Forr e |l and € € Zso,

LGl & pw, A.).
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Relations between graded limits L™ and Demazure modules

Foranindexr € |, set

1 (e, : long root),
¢ =32 (g: BCF a,: shortroot),
3 (g8: G, a: shortroot).

Note that ¢, = 1 when ¢ = ADE.

Theorem ([Chari, Moura, '06], [Fourier, Littelmann, '07])

() Forr e |l and € € Zso,
LGl & pw, A.).

(ii)

Lrl,crlt’ * er,crzl ook Lrp,c,pt’ ~ EID(W, A).
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The above theorem is generalized as follows:

Theorem (N)

-
Lrlacrlfl * LrZ,CI‘Z{Z % ooo g Lrp,crpfp E D(HW’ HA).
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The above theorem is generalized as follows:

Theorem (N)

-
Lrlacrlfl * LrZ,CI‘Z{Z % ooo g Lrp,crpfp E D(HW’ HA).

Corollary

[L™ % ee s L7000 V(A)]ya = [DWR, A) V()]
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Plan of the proof

graded multiplicity [L : V(2)],—
Il
graded multiplicity [ D(R, &) : V()] -1

1-dimensional sum X (W, 4, u)
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Plan of the proof

graded multiplicity [ D(R, &) : V()] -1

I |B S B(W,A): “crystal analog” of D(®, A)

1-dimensional sum X (W, 4, u)

18/22



Generalized Demazure crystal

Vq(A): h.w. simple Uq(g)-module,

B(A): Uq(8)-crystal basis of V4(A), uy € B(A): h.w. el.,
For B: Uq(8)-crystal basis, D € B: subset,

set 7(D) := {f*(b) | k> 0, be D} € B,

W= S-S = 7'}W(D) = ﬁl'..ﬁk(D) c B,
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Generalized Demazure crystal

Vq(A): h.w. simple Uq(g)-module,
B(A): Uq(8)-crystal basis of V4(A), uy € B(A): h.w. el.,
For B: Uq(8)-crystal basis, D € B: subset,
set 7(D) := {f*(b) | k> 0, be D} € B,
W=§ -5 = 7'}W(D) = ﬁl'..ﬁk(D) c B,
BOR, &) :=Fuy ({Urt} ® ++ ® Fu,, ({Uar1} ® Fu({Unr))))-

c B(X) := B(A) ® - ® B(AP).
(Generalized Demazure crystal)

o B(wy, A;) is called a Demazure crystal [Kashiwara, 93].
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Generalized Demazure crystal

Vq(A): h.w. simple Uq(g)-module,
B(A): Uq(8)-crystal basis of V4(A), uy € B(A): h.w. el.,
For B: Uq(8)-crystal basis, D € B: subset,
set 7(D) := {f*(b) | k> 0, be D} € B,
W=§ -5 = 7'}W(D) = ﬁl'..ﬁk(D) c B,
BOR, &) :=Fuy ({Urt} ® ++ ® Fu,, ({Uar1} ® Fu({Unr))))-

c B(X) := B(A) ® - ® B(AP).
(Generalized Demazure crystal)

o B(wy, A;) is called a Demazure crystal [Kashiwara, 93].

Proposition

ch D(®, A) = Z e(wt(b)).
beB(W,A)



Relations between B(W, A) and KR crystal B

Assume g is a classical type.
B": perfect & c,|f ([Fourier, Okado, Schilling, '10]).
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Relations between B(W, A) and KR crystal B

Assume g is a classical type.
B": perfect & c,|f ([Fourier, Okado, Schilling, '10]).

dD: B([AO) ® Brl,crll’ ® Brz,crzt’ Q- ® Brp,c,pt’
= BOA) ® B?™! @-.-@ B™™ x... = B('A)

[Kang,Kashiwara,Misra,Miwa,Nakashima,Nakayashiki,92].
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Relations between B(W, A) and KR crystal B

Assume g is a classical type.
B": perfect & c,|f ([Fourier, Okado, Schilling, '10]).

P (B([AO) ® Brl,crlt’) ® B2l @...Q B'»Cr’

[Kang,Kashiwara,Misra,Miwa,Nakashima,Nakayashiki,92].
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Relations between B(W, A) and KR crystal B

Assume g is a classical type.
B": perfect & c,|f ([Fourier, Okado, Schilling, '10]).

P: B(fAO) ® Brl,crlt’ ® Brz,crzt’ Q- ® Brp,crpt’
= (B(A) ®B>%!)@---@B'P™! = ... = B('A)

[Kang,Kashiwara,Misra,Miwa,Nakashima,Nakayashiki,92].
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Relations between B(W, A) and KR crystal B

Assume g is a classical type.
B": perfect & c,|f ([Fourier, Okado, Schilling, '10]).
D B([Ao) ® Brl,crll’ ® Brz,crzt’ Q- ® Brp,c,pt’
> B('A’) ® B»%! @-.-@ B’ = ... = B(A)

[Kang,Kashiwara,Misra,Miwa,Nakashima,Nakayashiki,92].

Theorem (Schilling, Tingley, '12)
®(Ugy, ® B! @ .. @ B"»!) = B(w, A), and
the energy fct D expresses the action of a degree op. d,
i.e. (d,wt ¥(us,, ® b)) = —D(b)
@ The elements w, A are the same with ones in
L%l s e e s LT0%¢ = AD(w, A).
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The above theorem can be generalized as follows:

Theorem (N)
Let £ := max{f4,...,Lp}. Then we have

Iy B(fA) ® Bt ®...@ B'Pefr s B(A)®:--® B(AP)
S.t. T(U[AO ® BuCn b @ Brp’crpt;p) = B(HW, 1-\))
Moreover, we have
(Wt ¥(uza, ® b), d) = —D(b)
o The &, X are the same with that appeared in Step 2.
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The above theorem can be generalized as follows:

Theorem (N)
Let £ := max{f4,...,Lp}. Then we have

P . B(fA) ® B M1 @...@ B < B(AY)®---® B(AP)

S.t. T(U[AO ® BuCn b @ Brp’crpt;p) = B(HW, 1-\))

Moreover, we have

(Wt ¥(ura, ® b), d) = —D(b)
o The &, X are the same with that appeared in Step 2.

= XMW, A,u) = Z uP® — Z = (dwt(b))

beB(W,A)

. beB
&(b)=0,wt(b)=1 & (b)=0,wt(b)=2

Prop

=" [D(WR, A) : V(D)]y-s.
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Corollary

g. aclassical type, r1,...,rp € |, €1,..., 8, € Zso,
W = Wil @ ... @ W»tele. Then we have

X(W, 2, u) = M(W, 2, u).

Note that c, is 1 for all r when g is of type AD.
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Corollary
g. aclassical type, r1,...,rp € |, €1,..., 8, € Zso,
W = Wil @ ... @ W»tele. Then we have

X(W, 2, u) = M(W, 2, u).

Note that c, is 1 for all r when g is of type AD.

Thank you for your attention.
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